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There is given a proof of the equivalence of the differential and variational
formulations of problems conceming the motion of a viscoplastic medium in
the presence of domains of the rigid state of the medium and flow domains,
The agreement between the upper bounds of the static limit load coefficients
and the lower bound of the kinematic limit load coefficients results for a rig-
idly plastic body from the proof proposed.

Only the inequality between these bounds was known earlier in the general
case, The equivalence of the comresponding formulations of the problems was
known earlier in the case of nonlinearly viscous fluids possessing a dissipative
potential (it follows directly from general theorems of the calculus of variat-
ions), The correctness of the formulations of the problems in differential form
was studied in [1] by the method of variational inequalities for several partic-
ular cases of the motion of a viscoplastic medium with a dissipative Mises
potential,

1, Functionals of integral type and theirsubdiffe-
rentials, Let @ (e¢) be a convex, finite functional in the Banach space B,
and let E be a closed linear setin B , i.e. E = ¢, + H where e, is some
element of £ and H is a closed subspace in B . A linear, continuous functional

L (e) is called supporting to @ (¢) on & in e if

®+h) —®()>L), by, VheH, L&B* (LD

Here B* is a space of linear continuous functionals on B , and (L, g) is the
value of the functional L from B* on g from B,

It is known (see [2]) that aconveX, continuous functional has a support functional
on B in any element ¢ from B , The totality of all support functionals in e on
E  is called a subdifferential of the functional @ in ¢ on E and is denoted by
d® (e) (see[3]. Therefore, a multivalued operator A is defined

A:e=EC B> oD (e)  B*

Lemma 1.1. The operator A is monotonic, i,e.,

(L(ey) = L(es), 1 —€)>>0, VL(e;) 0D (&), i=12 (1.2)
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Proof, Writing the inequality (1.1) for e = ¢;,, » = e, — ¢; and for
¢ = ey, h = e, — e, and then adding, we obtain (1, 2).

Let u be an element from B and v,, n = 1,2,. .. acompactsetin 5 .
Let V denote the following set of elements:

Unk = (Un -+ @F — 1) @) /2%, ney, 2, . . k=012,...

Lemma 1.2, Forany vfrom V andsome L (v) from g® (v) , let the
following inequality be satisfied

—L@,u—0v)>0 (1.3)
Then the functional % enters into dD (u).

Proof., We find from the definition of 9® and (1.3)

oy 0 — ud KAL), v—ud<L®R2v —u) — D () (1.4)

Substituting the elements p, ;, successively into(1.4) for &k = 0,1, 2,. ..
and adding the inequalities obtained, we find

Gy 2 —u)d <D+ 2@, —u)— 0@ (1.5)

The assertion of the lemma follows from (1. 5) and the density of the elements v,,.

Let us note still another property of the subdifferential (the Morrow — Rockafellar
theorem) which will be used below. Let W (e) have the form ¥ (e)= @, (¢}
®, (¢) , where @; (e) are convex, continuous functionals in B . Then ¥ (¢) =
oD, () + 0@, (¢) (seel[3D. In particular, if

Y (e) =D (e) -+ (f, &>, [& B¥ (1.6)

then OWF (e) = 0D (e) + f.

Let us consider the problem of finding a u from £ such that O & 0D (u) =
A (u) (Problem 1), i.e., the problem of the existence of an L in o® (u) such
that <L, k> = 0, Vi & H . It has been shown (see [3]), that Problem 1 is équiv-
alent to the problem of the minimum of the functional @ (¢). Namely, the u requir-
ed is an element from £ at which @ reaches the lower bound on £.

Let us examine a somewhat more general problem (Problem 2). Let C be a
multivalued mapping of £ in B* . Find the © from E such that a functional L
will be found in € (u)for which <L, h) = 0, Vh & H . Werepresent ( in
the foom € = A -~ R , where A (¢) = 0D (e) andlet A (£) = B* . Then,
in general a multivalued operator A4-! y B* — I B is defined on B* , We
seek the solution of Problem 2 in the form , —. 4-17, . We then obtain the follow-
ing equation to find L :

L 4 RA'L =0, Oc B* (1.7
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An extensive literature is devoted to the investigation of the solvability of (1. 7).
For instance, if RA™ ' is a compression operator, then (1,7) is solvable, We note
that the construction of A ~! can be considered as a variational problem,

Let us make the form of the functionals @ (e) specific. Let ® be a bounded
measurable set in R™ and let @ (X, €) be a function in @ X R™ that has the prop-
erties

p(x,e >0 for |e|>0, @(x,e =0 for|ej=0 |e| isthe norm
in R™

¢(x,e)<Clelf forje|>1 (1 < p<<oo);

for each fixed e the function @ (X, €) is continuous almost everywhere in X , and
for each x function @ (x, €) is convexin .
Let L,™ (w) denote a space of measurabl o =ctor-functions e (x) = (e; (x), . .
< e (X)) for which the integral of |e (x) [P with respect to o is finite, It
follows [4] from the mentioned properties of the function ¢ (x, e) and the boundedness
of ® that the functional

D (e(x) = | ¢ (x,e(x)do (1.8)

«
(]

is defined on L™ (o),

From the theorem on the general form of a linear continuous functional in L, (o)
(see [5]) we have the following representation for L (e) from (1, 1) when @ (e) has the
form (1. 8):

(L(e), by = |o(h®do, Vh(x)ELy"(®) (1.9)

[0]

Condition (1. 1) can be written in the form

o (x e(®) + h(x) — g(x,.¢) — 6 () h ()| do>0, Vh(x) E L," (0) (1. 10)

Lemma 1,3, If ¢ (x) satisfies the condition (1. 10), then for almost all  x
from  following inequality is satisfied

¢ (x, e(x)+ h) — ¢ (x, e(x)) >0 (x)h, Vhe R™ (1.11)

Proof, Ifthe assertion in the lemma is false, then for some h from R™ there
exists a set M of positive measure in ® , on which the opposite inequality to (1. 11)
is satisfied. Setting h (x)equal to h in M and equal to zero outside 3 , we arrive
at a contradiction to (1. 10).

Therefore, it is sufficient to know the expressionfor the subdifferential (support
functions) ¢ to describe the suhdifferential (1, 8). It is convenient to describe the
subdifferential ¢ by using the conjugate (dual to Legendre (Young)) function ol
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(see [6]),
¢* (X, 0) == supm(ec —@(x,€)), es= 2 ;0 (1.12)

Ce=tv

The operation of going from ¢ to @* is involutory [6](for example, if @, ¢~
are continuous everywhere), i.e,,

?(x, ) = sup (es — ¢* (x, 0)) (1.13)
ocR™
Formulas (1, 12) and (1, 13) define the multivalued mappings e (o), 0 (¢). Namely
e (o) isthesetof all e from R™ for which the upper bound is reached in ( 1, 12).
The © () are determined analogously from (1. 13). It follows from (1. 13) that the
support functional to (1, 8) allows the representation (1, 9), where for almost all X
from

o(x)=o(e(x)) (1.14)

For example, if the function @ (x, e) satisfies the above-mentioned conditions
and is smooth for | e | > 0 , then (1. 14) is equivalent to the relation

o (x) = Ve@ (x, €(x)), [e]>0; o¢*(x,0(x))=0, |e[=0 (115

for almost all X from @ .

2. Oncertainstationary problems for viscoplastic
media, Let @ beadomainin R® filled with a continuous medium, Let us
examine the linear manifoldUiof kinematically admissible velocity fields in @. The
principle of virtual power (see [7] for instance) is the following;

{oht do+ (Y ouhydo—F (W) =0, VA 2.1
(0]

o i)

1 [ Ohy ahj)
i =5 \a T 5,

where F (h) is the power of the extemal forces in the variation h of the field u
from U , gy; is the realstress field, and p is the density of the medium,

The model of an incompressible viscoplastic medium is defined by the dissipative
potential ¢ (x, e;;) (see [8]). Let the function @ (x, e,), e = (e;;) possess the
properties mentioned in Sect, 1

o> clel{lel = (Feid)")

and let ¢ be a smooth function for |e| > 0 . Then the relationship between o;
and u for a viscoplastic medium is defined by the formulas
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] 1 (0, Bu (2.2)
Oy = 5 (X, €4), |e|>0(9ﬁ=7('5z—_+7;;))
d 1) 7 1

P*(x,0)=0, |e[=0

Moreover, it is assumed that w from [V satisfies the incompressibility condition
div u = 0.

The flow condition ordinarily (see [9, 10], for example) defines a prism in the
space ¢;;. The second condition in (2,2), which is also a flow condition, defines
a sphere-type domain, Both formulations of the flow condition are evidently equival-
ent because of the incompressibility condition,

Now, let us examine the principle of virtual power in the following approximation
(slow stationary motions);

j 2 O'ijhij do=F (h) (2.3)

o7

and we consider the question of the solvability of the problem (2. 2),(2. 3).
Let us introduce a functional semi-bounded from below in U

I(w)= | @(x, ey (x))do—F () (2.4)

Here F (u) is a linear functional,

Theorem 2,1, If u (x), 0;; (X) are a solution of the problem (2. 2),(2. 3)
then u (x) minimizes (2,4)in { . If u(X)minimizes(2.4)in U then there exist
0;; (x) such that u, g;; is the solution of the problem (2.2),(2.3) »

The assertion of the theorem results directly from a remark relative to the form of
the subdifferential for (1. 6), from (1.15), and from the remark in Sect. 1 relative to
the solvability of the problem 1,

Thus, the investigation of the correctness of the problem (2. 2),(2. 3) is reduced to
the problem of the minimum of the functional (2. 4), which is considered in detail in
[8,11].

Conditions (2, 2) show that the problem of steady motions of a viscoplastic medium
in a problem in a domain with unknown boundaries, Theorem 2. 1 sets up an equival-
ence between this problem and the problem of the minimum of the functional (2, 4),
which is generally non-differentiable, Let us note a particular case when the connec-
tion between the differential formulation of the problem and the variational principle
is especially simple, Let the solution of the problem (2, 2),(2.38) be such that |e (x) |
>a >0 everywherein . In this case, the non-differentiability of P (%, i)
for Je| =0 is inessential and the functional (2, 4) is differentiable on such an extre-
mal. Under these assumptions, the first condition in (2. 2) and (2. 3) are the usual
Euler equation for the functional (2.4), Namely, under these assumptions the relation-
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ship between the equations of motion and the variational principle is set up in [12]
for a dissipative potential of the form

P (%, o) = At 2 toly, Ty = (el
v (2.5)

We note that the correctness of a somewhat more.general class of problems can
be investigated. Namely, let us replace the condition (2, 2) by the following relation-
Ship:
ap . o n
Sy = E'Pg,‘(xv e)’ ‘.e!>‘) (Z.b)

i Je
i7

q')*(x’ \)ij) == {}, l e l == {}
The problem (2. 3),(2. 6) is problem 2 from Sect, 1, where

<R B> =\ By d
«

For example, if @ (x, e) has the form (2. 5), the pi;

satisfy the conditions

Py (%, 0) =05 | p;, (x, ;) —p,; (x, e) | <k

C;]‘Iel_‘e2§

and the* ki; are sufficiently small, then the operator g 4-1 is compressive.

3. Functions withvalues in Banach spaces, We present
preparatory material which will be used in Sect, 4 in the investigation of nonstationary
problems,

Let B be a separable, reflexive Banach space (see [5]). We consider the funct-
ion f(¢) inthe segment [0, T]with valuesin B ; the function [ {f) is measur-
able (see [13], p. 765) if for any e, & > O there exists a compact K., K.  10,T]
of Lebesgue measure less than & such that the function f (¢) is continuous outside
K.+  We shall use the notation Mp"[0,7], p > 1 (see [13]) for the space of
measurable functions f (¢) for which || f ||s® (¢) is summablein [0,7] . Let
Mp>= {0, T] denote the space of measurable functions for which the quantity || f |z
(t) isboundedin [0,7].

We examine the separable Hilbert space H . Let f (¢) be a function in [0, T}
with values in H . The derivative df . is called an element of H such that

lim df/dt —(f(t + D)~ f(E) /D], =0 3.1
We will say that the function f (f) hasa generahzed derivative f' ($)in [0,T]

if f () is continuous in {0,T], #' () is from Mg* [0, T}, and
T

Y, o)y de = — 5 (£, 28) 46 Ve (3.2)

where @ (£) is from Cy [ 0, T] and has a piecewise-continuous derivative in (0,71,
@ (0) = @ (I') = 0 . It can be shown that the generalized derivative agrees with
the derivative (3.1)in [0, 7], except perhaps in a set of Lebesgue measure zero
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(see [14]).
An integration by parts formula

T T
V0 fgdt ++ V(G 1) dt = (L (D), 2 (D) — (11 (0), 12(0)g

holds for functions with valuesin H ,

Let LpP[0, T] be the factor space of MpP [0, T! in the space of negligible
functions (i, e.,equal zero almost everywhere) [13]; LpP [0. T is a Banach space
with the norm

M tefo, TINM

i 1/p _
Hurpoa ", 1<p<es int_sup |fl, 0
0

where M is a set of Lebesgue measure zero in [0, T,

Lemma 3., 1, Let {u, (¢)} be a sequence of piecewise-linear continuous
functions, where || du, / di ||g < ¢ (the derivative exists everywhere in [0, T1
except at a finite number of points), Let the function wu, (1) converge uniformly
to u(t)in [0, T], Then there exists a &’ (£) from Mg [0, T] and

T T

du \
S ( dtn ’ U)H dt—»% (0'sv)gdt, Vo (tye= Mg |0, T)
0 0

The assertion in the lemma follows from the fact that Lp+ [0, 7] is conjugate
to Lg' {0, T1 [13] and the properties of weak compactness of the space conjugate
to the separable space [5].

Let R (t, e) be a number function defined in [0, 7] x By R(,0)=0,
and R (t, e (t) ) is from M> [0, Tifor e (f) from jf e [0, 7.

Lemma 3,2, If

T T
VR ena=o (R, e (t)dt >0), Ve(t)& Mp* [0, T]
0 0

then R (t,e) = O (R (t,e¢) > 0) for almostall ¢ from [0, T} and all e from
B.

The proof of the lemma is analogous to the proof of Lemma 1, 3,

Lemma 3.3, If e(f) from Mp> [0, T), then a section from M5- [0, T
is contained in 4 (e (t)) = D (e (¢))4i- €., there exists a function {t) from
Mg+ [0, T] suchthat o () < 4 (e (t)).

For the proof, we show that a measurable section is contained in A (e (1),
We approximate e(f) by step functions ¢, () inthenorm Lg?[0, T} [13].

There exists a step function ®, () from M. [0, 7T such that, firstly w, (£) = 4
(en (¢)) and secondly
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T
§<mnt>v(t>w~\§ (en () + v (1) — @ (e, ()] dt

The sequence {®, (¢)} can be considered weakly convergent to  ® (¢) from
Mz (0,71 and
T

< Ko, v®) — @@ +vE) — P E@d, (3.3)

Yoty M3 [0, T)

The assertion in Lemma 3,3 follows from (3. 3) and Lemma 3, 2.

4, Oncertain nonstationary formulations of probl-
ems inthe theory of viscoplastic media. Letus first consider
the problem concerning the solvability of an abstract parabolic equation with a multi-
valued stationary operator, and then let us apply the results obtained to the investiga-
tion of dynamic problems for viscoplastic media.

Let u (t) be from Cy [0, T1 () Mp> [0, T1 and u'(t) from Mg> [0, T]
Furthermore, let ® () from AM] 0, 71 be the sectiond (u (t)(the operator 4 =
0 is introduced in Sect. 1, and for simplicity is assumed independent of £ ).
Assume that f (¢) is from Cp [0, T]1 . The function u (&) is called the generali-
zed solution of the nonstationary problem

A @t)) 4+ oulot =f@#), u(0) =u

if for almost all ¢ from [0, T the equality
W, Vg + <o @), v>=(, Vu, v =u, VveEB(1H (4.1)

is satisfied,

The uniqueness theorem for the generalized solution is proved by the same scheme
as for the single-valued monotonic operators (see [15], p. 173). The existence theorem
for the generalized solution can be obtained on the basis of [16].

Namely, let {At Y, i=1,...,n ZiAti" = T be the partition of [0, T], We
examine the chain of elements u," from B (| {fsuch that

(4.2)

1 " .
1nf {ZM wlu —ul g+ @) — (&), ,,)H} —

2.3( n ” “?-1 "%I 4 @ (uin) - (f (tin)’ uin)H
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There follows from the Morrow —Rockafellar theorem (see Sect.1) and (4, 2) that
there exist ® (»;") from 8® (u;") for which

w,"—ul ) (4.3)
(,.nl'—-A-—;—n—L}- , v) + (@ (uin), vy =(f (tin), v)H, VU [ B ﬂ il
i H
It is proved in [16] that
e g + v lg <o (4.4)
Let f (1) and the initial element u, satisfy the conditions
@) —f()lg Selti— B max I el (4.5)
™ —ug) | Aty S ear VAL (4. 6)
Under these assumptions, it is proved in [16] that
ﬂ uin—" u?—»l)lAtin HH ey = 2! 3! ceoy B {Vﬂ) (4, ‘?)
Let us introduce the functions " (#), &" (¢), where u"(t) is a step function equal
to up, for Sty and & (¢) is a continuous piece-wise linear function
equalto " for t=t" . We find from (4.3) that

T

T
[ aa" n
§ (—d-t—- VU (t))H dt S @fu (), v(Epdi=

[i]

(4.8)

T
V@@ vngan,  vow eMypp (0, T]
]

oW @) =0@l), FO=Ff0) @, <t<t?

1t is proved in [16] that upon compliance with conditions (4. 5) and (4, 6), the func-
tions a® (1) converge in the norm; € [0, T] to u (1) . It follows from Lemma 3, 1
and (4, 7) that there exists a 4’ () . Because of (4, 4) it can be considered that the
functions @ (u™ (1)) converge weakly to X (8 in M. [0, T1,
We show that ¢ (¢} isfrom 4 (u(t)), The equality
T

S [y 2)g + <% 0> —{f, o)y 1dt =0, Vuc—:M}mH o, 71 (4.9)
1}

follows from (4, 8),
Let » () be from MFI0, Tl, o (v () from M3z, 10, TTand @« (v (1)) from
A (v(2)) = 0@ (»(s)) (see Lemma 3,3). Furthermore (analogously to [15]:
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T
Vet —oe@), O—c@pdzo, Vem e ] (410
)

From (4.8) we find for v (1) = u™ (1)

T T .
. . da" )
S o (un (1), «" (tyy dt = g {(;ﬂ ), «" Ny — <_1§_ N un/}H] dt = (4.11)
0 0
n T
1 1 ny o 1 n n 8 n n di
—“2-1] uOHHZ_._-—z——n u, g+ 5 Z“ W oy I\ () u (t)ydt —
i), 0
T

] 1 Y
Lol = g D) 4\ (0, e ()

g
From (4. 9) —(4.11) and the integration by parts formulas in Sect, 3, we have
T
o<5 G- ), w—vydt, Ve@t)E&Mg™|[0, T]
[

it follows from the last inequality, Lemmas 3,2 and 1.2 that X is from 4 (u (9)) )
i.e. the existence of the generalized solution (4, 1) is proved.

Parabolic equations with multivalued stationary operators A have been examined
in 17,18}, The concept of the generating operator of a semigroup and the concept
of the generalized solution itself, which is weaker compared to (4, 1), were used to
construct the generalized solution in [17]. The existence of an ordinary generalized
solution was proved successfully above because of the introduction of condition (4, 6)
on the initial element %0, (Such a condition on the initial element was not consider-
ed in [17,18]), It is shown in [16] that compliance with condition (4, 6) is associated
with the requirement of definite smoothness of the initial conditions, in particular, it
is always satisfied if the initial element 1, minimizes® («), for example.

We note that the variational scheme elucidated for the construction of approximate
solutions of parabolic equations (agreeing substantially with the Rote scheme) can be of
interest from the computational viewpoint even in the case of linear equations, This
is related to the fact that by using dual functionals the upper and lower estimates of
the minimal values of the functionals (4, 2) can effectively be obtained, which affords
additional information about the accuracy of the approximate solution as compared to
the method of grids, for instance,

Now, we turn to the nonstationary motions of a viscoplastic mediurm, Let us cons-
ider the principle of virtual powers (2. 1) in the following approximation (slow nonstat-
ionary motion)

S (p—%‘:— h 4 Z%ku) do=F(h), diva=0, u|_,=uw() (412
w 13

where the a;; are determined by (2,2). Under these vonditions, the problem (4, 12)
is a particular case (4, 1). Namely
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(L (u), hy = fgcijh“ do; (wh);={p Suhido

Let us note that sufficiently many specific mechanical problems concerning the
nonstationary motions of a viscoplastic medium [19] has been considered. However,
the correct mathematical formulation, taking account of interaction between rigid
zones and flow domains, has not always been given,

5 Onthe 1imit load factor forarigidly plastic
medium., We consider the application of Theorem 2, 1 to the problem of bilat-
eral estimates of the limit load factor,

In the case of a rigidly plastic medium the dissipative potential ¢ (x, ¢;;) is
such that @ (x, Ae;;) = A ¢ (x, &;5), VA > 0 [8].

Let the kinematically allowable velocity fields form a linear space, The limit
load factor c* for the external forces with volume density f and surface density t
is determined by the formula [8]

(@)t = sup F () [ @ (x, e () do]”

F(u)= [fudo+ | tuas
@ [0

[0]

If F(u) >0 andforacertain u from [V , then we obtain the upper bound
for c*.

e <ew= (] 9% () do) / F ()

[0]

Let ¢ be a nonnegative number such that functions ¢;; from M= (v),
exist for which.the following equalities are satisfied
[ Soieido = co (u), Vux)E U, ¢*(x, 0, (x)) = 0 (5.1)
o ¥

Since ¢*(x, 0;;) =0 then
doijes; < 9(x, e)
k¥

and we obtain from (5, 1) that

-:—0>F(u)/gcpdm, Vue U

(0]

Therefore, if F (u) >0 for at least one u from {7 , then c* > co
Let ¢, = sup ¢ . It is evident that
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>, (5.2)
Theorem 5,1, ¢* = ¢,
Proof. It canbe considered that ¢* >>( since if ¢* = (0, then we can take
6;; =0 for ¢; = 0 . Letus take the positive number ¢, ( < ¢ < c*

and let us consider the functional
Jow) = [ @(x, e (x) do — cF ()
w

Evidently J; (u) > 0 forall u from U ,i.e,, u = O isa vector field
minimizing J, (u) . But then according to Theorem 2,1 there exist o0;; such that
(5.1) is satisfied for ¢5 = ¢ .

The theorem is proved, Only the inequality (5. 2) was known earlier in the general
case.
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